In this work a conjecture to draw the bifurcation diagram of a map with multiple critical points is enunciated. The conjecture is checked by using two quartic maps in order to verify that the bifurcation diagrams obtained according to the conjecture contain all the periodic orbits previously counted by Xie and Hao for maps with four laps. We show that a map with split bifurcation contains more periodic orbits than those counted by these authors for a map with the same number of laps.
Introduction
The bifurcation diagram of a map with one critical point was studied for the first time by May ([May, 1976] ). He used the logistic difference equation x n+1 = ax n (1 − x n ), and gave a catalogue of its stable cycles. Starting from the cubic-difference equation x n+1 = ax 3 n + (1 − a)x n , Testa and Held ( [Testa & Held, 1983] ) showed that the bifurcation diagram of this map, with two critical points, exhibits a split bifurcation not found in maps with one critical point. As a result, the final states of the system depend on the initial conditions, and the number of periodic orbits is different to the number of periodic orbits of the logistic map. Jánosi and Gallas ([Jánosi & Gallas, 1999] ) found that the bifurcation diagram of the quartic map f (x) = 1 − a(1 − ax 2 ) 2 , with three critical points, preserves the basic bifurcation structure of the logistic map in parameter space; however, in sharp contrast with the logistic case, it displays two coexisting stable attractors.
In previous works, we have studied quartic maps and bifurcation diagrams of maps with more than a critical point ( [Danca et al., 2009] , [Danca et al., 2013] , [Romera et al., 2015] , and [Pastor et al., 2016] ). As a further step, in current paper we introduce a conjecture to draw the bifurcation diagram of any map with multiple critical points.
By using this conjecture, we have drawn the bifurcation diagrams of two quartic maps which have three critical points and four laps. On the other hand, Xie & Hao ([Xie & Hao, 1994] ) and Hao ([Hao, 2000] ) already counted the number of periodic orbits in maps with multiple critical points. Thus, we can see if the number of periodic orbits of our two quartic maps with three critical points and four laps coincides with the number of orbits given by Xie & Hao and Hao for the same type of maps.
There are two scenarios, bifurcation diagrams with and without split bifurcation. As we shall see, in the cases without split bifurcation, the number of periodic orbits given by Xie & Hao and Hao coincides with the number of periodic orbits of our bifurcation diagrams. However, in the cases with split bifurcation, we find a number of periodic orbits greater than the given by Xie & Hao and Hao for the same number of laps.
Conjecture
In order to draw the bifurcation diagram of any map with multiple critical points we introduce the following
The bifurcation diagram of a map with multiple critical points is the set of bifurcation diagrams corresponding to each one of the critical values of the map.
Xie and Hao ([Xie & Hao, 1994] ) and Hao ( [Hao, 2000] ) have counted the number of periodic orbits in maps with multiple critical points and they have also shown that a map with 4 laps has 2 period-1 orbits, 4 period-2 orbits, 10 period-3 orbits, 32 period-4 orbits, and 102 period-5 orbits. This fact allows us to verify the conjecture in the quartic maps x n+1 = 1 − a(1 − ax 2 n ) 2 and x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5, by computing the values of the parameter a that cause orbits of periods 1, 2, 3, 4 and 5 and checking that these orbits and their corresponding bifurcation diagrams are inside the bifurcation diagram defined by the conjecture.
The quartic map
Let us consider the second iteration of the quadratic map x n+1 = 1 − ax 2 n , i.e. x n+2 = 1 − a(1 − ax 2 n ) 2 . Obviously, the quartic map x n+1 = 1 − a(1 − ax 2 n ) 2 coincides with the just seen second iteration of the quadratic map x n+1 = 1 − ax 2 n . The quartic map x n+1 = 1 − a(1 − ax 2 n ) 2 , has three critical points (0, 1/a and − 1/a), four laps, and two critical values (1 − a and 1) (Fig. 1) . Obviously, the critical points 1/a and − 1/a are real when a > 0, complex when a < 0 and tends to infinity when a tends to 0. We will only study this map when a > 0. 4. Bifurcation diagram of the map x n+1 = 1 − a(1 − ax 2 n ) 2 According to the Conjecture, the bifurcation diagram of this map is the set of the two bifurcation diagrams obtained when the initial points are the critical values 1 − a and 1 (Fig. 2) . 
Initiation of the bifurcation diagram
It is easy to see that the initiation of the bifurcation diagram, a ini in Fig. 2 , happens when the graph of the map is tangent to the straight line
Since x ini belongs to x n+1 = x n , then 1 − a ini (1 − a ini x 2 ini ) 2 = x ini and, therefore,
Dividing member by member Eq. (1) by Eq. (2) one obtains
Substituting Eq. (3) into Eq. (1) one gets a ini = −0.25 and, finally, x ini = 2.
First split bifurcation
The map x n+1 = 1 − a(1 − ax 2 n ) 2 presents the split bifurcation. As is known, according to [Testa & Held, 1983] , a split bifurcation qualitatively resembles to a pitchfork bifurcation with half of the pitchfork missing. In Fig. 3 we analyze the first split bifurcation of the map x n+1 = 1−a(1−ax 2 n ) 2 that starts, as calculated later, in a f.s.b. = 0.75 (see Fig. 2 ). Shortly before this value, for instance when a = 0.66 , the map has a stable fixed point (with slope lower than 1) that can be reached by iteration from the critical value 1 − a and also from the critical value 1. When a = 0.75, the map is tangent to the straight line x n+1 = x n in a neutral inflection point (slope equal to 1), that is also reached by iteration from the critical values 1 − a and 1. Analytically, we have f (x) = 1 − a(1 − ax 2 ) 2 , f ′ (x) = 4 a 2 x(1 − ax 2 ), f ′′ (x) = 4 a 2 (1 − 3 ax 2 ), and the inflection point 1/3 a, 1 − 4 a/9 . Therefore, 1/3 a = 1 − 4 a/9 and a = 0.75. Shortly after this value, for instance when a = 0.84, the fixed point is unstable (slope greater than 1) and in its proximity two stable fixed points appear; one of them is reached by iteration from the critical value 1 − a and the other one is reached from the critical value 1.
As will be seen later, the split bifurcation also appears when the graph of the period-p iteration of the map is tangent to the line x n+p = x n in p inflection points, and what has just been described above also occurs in each one of these inflection points.
4.3.
Parameter values of superstable period-1, 2, . . . 5 orbits
The parameter values of superstable period orbits are obtained by iterating the map x n+1 = 1−a(1−ax 2 n ) 2 , first with the initial point x 0 = 1 − a and then with the initial point x 0 = 1. In each case, the values of the parameter a corresponding to the period-i superstable orbits (i = 1, 2, . . . 5) are the solutions of the equations in a that are obtained from
The results are summarized in Tables 1 and 2 . 
Period Equation 
Period Equation
Number of period-1 orbits
The number of period-1 orbits is calculated by means of Eq. (4) and Eq. (7). Eq. (4) has the solutions a = 0 (fixed point x = 1), a = 1 (fixed point x = 0), and a = 2 (see Fig. 2(a) ). This later solution is an unstable fixed point and should be neglected. However, it is the end of the bifurcation diagram a end = 2. As can be remarked in Fig. 4 (a), when a = 2, the graphical iteration from the critical values 1 − a and 1 leads to the unstable fixed point M and, when a > 2, this iteration goes to the infinity (Fig. 4(b) ). Eq. (7) has the solutions a = 0 (fixed point x = 1) and a = 1 (fixed point x = 1 ) as can be seen in Fig. 2(b) . Note that in the a-axis of Fig. 2 (b) there are two 1 1 , one in a = 0 and another one in a = 1. This can also be observed in Table 3 . As a result, in the quartic map x n+1 = 1 − a(1 − ax 2 n ) 2 there are two period-1 orbits in the bifurcation diagram of Fig.2 , (see Table 3 ), what is in accordance with Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ) for maps with four laps. However, let us note the obvious first split bifurcation that begins in a f.s.b. = 0.75. Table 3 . Period-1 orbits of the map
Number a 
Number of period-2 orbits
The number of period-2 orbits is calculated by means of Eq. (5) and Eq. (8). Neglecting the solutions a = 0 and a = 2 (corresponding to fixed points), we have the solutions showed in Table 4 . As a result, in the quartic map x n+1 = 1 − a(1 − ax 2 n ) 2 there are 4 period-2 orbits in the bifurcation diagram of Fig. 2 , what is in accordance with Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ( [Hao, 2000] ). 
Number of period-3 orbits
The number of period-3 orbits is calculated by means of Eq. (6) and Eq. (9) making i = 3. Neglecting the solutions a = 0 and a = 1 (corresponding to fixed points), we have the valid solutions of Table 5 . Table 5 . Period-3 orbits of the map
Number As can be seen from Table 5 , the quartic map x n+1 = 1 − a(1 − ax 2 n ) 2 has 11 period-3 orbits, instead of the 10 period-3 orbits of Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ( [Hao, 2000] ) both for maps with four laps. Our new results (in Table 5 ) are due to the existence of one split bifurcation that is not considered in the mentioned works.
The period-3 orbits of Table 5 (Fig. 6(b) ) and also with the orbits 3 3 and 5 3 (Fig. 6(g) ).
Figs. 7(a) and 7(b) are, respectively, magnifications of the x axis of In Fig. 8 we can see the graph of the third iteration of the map x n+1 = 1 − a(1 − ax 2 n ) 2 , i.e. 
Number of period-4 orbits
The number of period-4 orbits can be calculated by means of Eq. (6) and Eq. (9) making i = 4. Neglecting the solutions a = 0 and a = 1 (corresponding to fixed points), and a = 1.940799 (period-2 orbit), we have 16 solutions that originate 32 orbits. Some of them are shown in Table 6 . As a result, in the quartic map x n+1 = 1 − a(1 − ax 2 n ) 2 there are 32 period-4 orbits in the bifurcation diagram of Fig. 2 , what is in accordance with Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ) for maps with four laps.
Number of period-5 orbits
The number of period-5 orbits is calculated by means of Eq. (6) and Eq. (9) making i = 5. Neglecting the solutions a = 0, a = 1, and a = 2 (corresponding to fixed points), we obtain the solutions of Table 7 . Both Eq. (6) and Eq. (9), with i = 5, have 54 solutions that originate 2 × 54 − 3 = 105 orbits because there are three split bifurcations. Some of these orbits are shown in Table 7 .
As a result, in the quartic map x n+1 = 1 − a(1 − ax 2 n ) 2 there are 105 period-5 orbits instead of the 102 period-5 orbits of Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ).
4.9. Summary of the analysis of x n+1 = 1 − a(1 − ax 2 n ) 2 Summarizing the results of the analysis of x n+1 = 1 − a(1 − ax 2 n ) 2 , three cases can be considered. In the first case, for period-2 and period-4 orbits, the number of orbits given by us coincide with the number given by Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ). This is because for period-2 and period-4 orbits there are no split bifurcation.
In the second case, for period-3 and period-5 orbits, we have found a number of orbits greater that the number given in the just mentioned tables. For period-3 orbits, we find one more orbit because there is one split bifurcation, and for period-5 orbits we find three more orbits because there are three split bifurcations.
In the third case, for period-1 orbit, although there is one split bifurcation, the number of orbits given by us coincide with the number given by Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ( [Hao, 2000] ). This is explained in section 4.4 where we can see that for a = 0 the map x n+1 = 1−a(1−ax 2 n ) 2 is reduced to x n+1 = 1 and, consequently, as shown in Fig. 2 and Table 3 , there are only two fixed points in total.
Map
For a given value of b, the map x n+1 = 1 − a(1 − bx 2 n ) 2 has three critical points: 0 (critical value 1 − a), 1/b (critical value 1), and − 1/b (critical value 1). In accordance with the Conjecture, the bifurcation diagram of this map is the set of bifurcation diagrams obtained by taking as initial points the critical values 1 − a, Fig. 9(a), and 1, Fig. 9(b) .
The values of the parameter a that originate period-i orbits (i = 1, 2, 3, 4, 5) taking as initial point x 0 = 1 − a are obtained as follows: first, by iteration, we obtain x i (i = 1, 2, 3, 4, 5); next we consider x i = 1 − a. In this way we obtain the results in Table 8 . Table 8 . Equations for the parameter values of periodic orbits with initial point x 0 = 1−a for the map
2 with a given b.
Similarly, the values of the parameter a that originate period-i orbits (i = 1, 2, 3, 4, 5) by taking as initial point x 0 = 1 are obtained as follows: first, by iteration we obtain x i (i = 1, 2, 3, 4, 5); next consider x i = 1. In this case we obtain the results in Table 9 . Table 9 . Equations for the parameter values of periodic orbits with initial point x 0 = 1 for the map x n+1 = 1 − a(1 − bx 2 n ) 2 for a given b.
Let us note that Fig. 9 (b) has two different parts: a standard bifurcation diagram when a ini < a < a end(s) and a hidden bifurcation diagram ( [Pastor et al., 2016] ) when a end(s) < a < a end(h) . Inside the hidden bifurcation diagram, the periodic windows are very narrow, being between orbits that go to infinity, and hence, are very difficult to detect. The standard part was drawn quickly and with good resolution using a sweep of the parameter △a = 2 × 10 −4 , while the hidden part was drawn, very slowly and with very poor resolution, using a sweep of △a = 10 −9 . 
Number of superstable period-1 orbits
The parameter values of period-1 orbits of the map x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5 can be calculated by means of Eq. (10) and Eq. (13) with b = 1.5.
Eq. (10) has the solutions a = −0.154700 (neutral period-1 orbit and initial point of the bifurcation diagram a ini ), a = 0 (superstable fixed point 1), a = 1 (superstable fixed point 0), and a = 2.154700 (unstable period-1 orbit and the end of standard bifurcation diagram a end(s) = 2.154700, Fig. 10) . Eq. (13) has only the solution a = 0 (superstable fixed point 1). Let us note that a end(s) in Fig. 9 (b) obviously coincides with a end(s) in Fig. 9 (a) but a = 2.154700 is not a solution of period-1 orbit in Eq. (13). This is because the iteration starting from the critical value 1 goes to the same point M of Fig. 10 but now M is a Misiurewicz point with preperiod-3 and period-1, as we can see in Fig. 11(a) . For this reason, when a > a end(s) and it is inside the hidden part of the bifurcation diagram, the orbit can go to infinity, Fig. 11(b) , or can be periodic, Fig. 11(c) . In this way, the superstable period-1 orbits of the map x n+1 = 1 − a(1 − bx 2 ) 2 , when b = 1.5, are shown in Table 10 . Table 10 . Superstable period-1 orbits of the map
Number a Initial Orbit Figure   1 1 0 1 − a Fixed point 1 Fig. 9 (a) 1
Fixed point 1 Fig. 9(b) 2 1 1 1 − a Fixed point 0 Fig. 9(a) As a result, in the quartic map x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5 there are 2 period-1 orbits in the bifurcation diagram of Fig. 9 , what is in accordance with Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ).
Number of superstable period-2 orbits
The parameter values of period-2 orbits of map when b = 1.5 are calculated by means of Eq. (11) and Eq. (14) with b = 1.5 .
Neglecting the period-1 solutions, a = −0.154700, a = 0, and a = 1, Eq. (11) has the solutions a = 1.276969 and a=2.063378. Neglecting the period-1 solution a = 0, Eq. (14) has the solutions a = 0.734013 and a = 7.265986. In this way, the superstable period-2 orbits of the map x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5 are shown in Table 11 . Table 11 . Superstable period-2 orbits of the map In Fig. 12 one can see the bifurcation diagrams of two period-2 orbits: number 2 2 in the standard diagram of Fig. 9(a) , and 4 2 in the hidden diagram of Fig. 9(b) . Note that on the left and on the right side of these bifurcation diagrams, in the first case the orbits are finite whereas in the second case the orbits go to infinity.
Note that the orbit number 3 2 of Table 11 and Fig. 9 (b) was only obtained starting from the critical value 1 according to Eq. (14). However, it also appears in Fig. 9 (a) because it was asymptotically achieved (not directly) as we see in Fig. 13 . For this reason 3 2 was not obtained by Eq. (11).
As a result, in the quartic map x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5 there are 4 period-2 orbits in the bifurcation diagram of Fig. 9 , what is in accordance with Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ). 
Number of superstable period-3 orbits
In order to obtain the parameter values of period-3 orbits of the map x n+1 = 1 − a(1 − bx 2 n ) 2 , one can use Eq. (12) and Eq. (15) with i = 3 and b = 1.5.
Neglecting the period-1 solutions of Eq. (12), a = −0.154701, a = 0, a = 1 and a = 2.154700 (all of them already considered) and the period-1 solution a = 0 of Eq. (15), the superstable period-3 orbits are given in Table 12 . As a result, in the quartic map x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5 there are 10 period-3 orbits in the bifurcation diagram of Fig. 9 , in accordance with Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ).
In Fig. 14 one can see the bifurcation diagrams of period-3 orbits 5 3 and 10 3 (Table 12 ). They are obtained by extending a and x axes in the bifurcation diagrams of Fig. 9(a) and Fig. 9(b) , respectively. Window of the orbit 10 3 .
Number of superstable period-4 orbits
The parameter values of period-4 orbits of the map x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5 are calculated by means of Eq. (12) and Eq. (15) with i = 4 and b = 1.5. The trivial solutions of Eq. (12) a = −0.154701, a = 0 and a = 1 (period-1 orbits), and a = 1.276969 and a = 2.063378 (period-2 orbits) have been ignored as the trivial solutions of Eq. (15) a = 0 (period-1 orbit), and a = 0.734013 and 7.265986 (period-2 orbits). Some superstable period-4 orbits are shown in Table 13 . As a result, in the quartic map x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5 there are 32 period-4 orbits in the bifurcation diagram of Fig. 9 , in accordance with Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ).
In Fig. 15 one can see the bifurcation diagrams of period-4 orbits 13 4 and 25 4 (Table 13 ). They are obtained by extending a and x axes in the bifurcation diagrams in Fig. 9(a) and Fig. 9(b) , respectively. 
Number of superstable period-5 orbits
The parameter values of period-5 orbits of the map x n+1 = 1 − a(1 − bx 2 n ) 2 with b = 1.5 are calculated by means of Eq. (12) and Eq. (15) making i = 5. One ignore the trivial solutions of Eq. (12) a = −0.154701, a = 0 and a = 1 (period-1 orbits). Also the trivial solution of Eq. (15) a = 0 (period-1 orbit) is ignored. Some of the superstable period-5 orbits are shown in Table 14 . As a result, in the quartic map x n+1 = 1 − a(1 − bx 2 n ) 2 when b = 1.5 there are 102 period-5 orbits in the bifurcation diagram of Fig. 9 , what is in accordance with Table IV of Xie and Hao ([Xie & Hao, 1994] ) and Table 1 of Hao ([Hao, 2000] ).
In Fig. 16 one can see the bifurcation diagrams of the orbits 60 5 and 102 5 with the parameter values given in Table 14 . 5.6. Summary of the analysis of x n+1 = 1 − a(1 − bx 2 n ) 2 for a given value of b
If we summarize the results of the analysis of the map x n+1 = 1 − a(1 − bx 2 n ) 2 for a given b, in all the cases the number of orbits given by us coincides with the number given by Xie and Hao in Table IV of [Xie & Hao, 1994] and by Hao in Table 1 of [Hao, 2000] . This is because in no one of the cases there exists any split bifurcation.
Conclusions
In this paper we have enunciated a conjecture to draw the bifurcation diagram of a map with multiple critical points. The conjecture has been verified using two maps with three critical points. In this way, we have been able to verify the existence of the periodic orbits counted by Xie and Hao ([Xie & Hao, 1994] ) and Hao ([Hao, 2000] ), until period-5, for maps with four laps. Those orbits appear in the drawn diagrams.
One of the important findings of this paper is the fact that one of the two used maps exhibits split bifurcation and its bifurcation diagram contains more periodic orbits than those counted by the previous authors. The question of knowing if a map with multiple critical points exhibits split bifurcation is an open problem.
